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Entanglement entropy of gauge fields is calculated using the partition function in curved space-
time with a boundary. We derive a Gibbons-Hawking-like term from a Becchi-Rouet-Stora-Tyutin
(BRST) action and a Wald-entropy-like codimension-2 surface term is produced. It is further sug-
gested that boundary degrees of freedom localized on the entanglement surface generated from the
gauge redundancy could be used to resolve a subtle mismatch in a universal conformal anomaly-
entanglement entropy relation.
1: Introduction
Despite being perhaps the weirdest consequence from
quantum mechanics [1], the concept of entanglement
plays an important role in many areas of physics: it is a
key ingredient in quantum information, an order param-
eter in the phase transition in many-body systems [2],
and a measure of renormalization group flow in quan-
tum field theories [3]. The entanglement entropy is also
suggested as the origin of the black hole entropy [4] [5].
Decomposing the full Hilbert space into pieces A and its
complement B,
H = HA ⊗HB , (1)
the entanglement entropy (or von Neumann entropy) is
defined by
SEE ≡ − tr ρA ln ρA . (2)
The reduced density matrix,
ρA ≡ trB ρ , (3)
is a partial trace of the full density matrix ρ over the de-
grees of freedom in the region B. We will be interested in
the entanglement entropy of continuous quantum gauge-
field theories. For gauge-field theories where the observ-
ables are Wilson loops, the partition given in (1) can be
an issue since such a partition would cut some loops. The
Hilbert space of gauge fields is defined modulo the gauge
transformation. The direct factorization as a product of
two Hilbert spaces of the subsystems could be trouble-
some. See [6] [7] [8] [9] for attempts to address this issue
in lattice gauge theories.
It is often difficult to compute the entanglement en-
tropy directly, in particular for spacetime dimensions
higher than two. There are several alternative ways to
compute the entanglement entropy. One is the so-called
replica (conical) method [10] [11] (see also [12]). In this
method one calculates the partition function on an n-
fold cover of the background space-time where a conical
singularity is introduced. In this paper we will avoid the
conical singularity by adopting a new method introduced
recently in [13] (see also [14]). We focus on obtaining
the universal contribution to the entanglement entropy
in Minkowski spacetime with a spherical entangling sur-
face with a radius R. The main observation in [13] is
that the full causal development, D, connected to the
spherical region with the radius R can be conformally
mapped to a new geometry H = S1 ×Hd−1, where Hd−1
is a (d− 1) dimensional hyperbolic plane and S1 is a cir-
cle associated with periodic Euclidean time. (One can
also consider a conformal mapping to the static patch
of de Sitter space. In this paper we will mostly focus
on the hyperbolic geometry.) The vacuum correlators in
the causal development of the region inside the spherical
surface in d-dimensional flat spacetime D are mapped to
thermal correlators on H. Moreover, the modular flow
on D is shown to correspond to the time translation on
H. The correlators on H are periodic in time under an
imaginary shift by a 2piR. The radius R of the circle S1
then defines the temperature
T =
1
β
=
1
2piR
. (4)
Therefore, by conformally mapping a vacuum state of a
conformal field theory (CFT) onto a thermal state on the
hyperbolic spacetime, the computation of the entangle-
ment entropy across the sphere then can be calculated as
the thermal entropy of the hyperbolic space via
SEE = (1− β∂β) lnZ(β)|H,β=2piR . (5)
On the other hand, AdS/CFT correspondence [15] also
provides a way to calculate the entanglement entropy [16]
[17]. We focus on the field-theory calculation in this pa-
per.
A minor nuisance of the entanglement entropy in con-
tinuum quantum field theories is its UV cut-off depen-
dence. However, despite that the coefficients of power
law divergences depend on regularization schemes, the
log-divergent term in the entanglement entropy (in even
ar
X
iv
:1
41
2.
27
30
v5
  [
he
p-
th]
  1
 Fe
b 2
01
6
2space-time dimensions) is scheme-independent hence be-
coming a universal result. Moreover, the log-divergent
term in the entanglement entropy with a spherical en-
tangling surface in d-dimensional flat spacetime is shown
to be dictated by the central charge [13] [17]
SEE,ln = (−1) d2−1 4A ln(R
δ
) , (6)
where δ is the divergence cut-off. The type-A central
charge “A” is defined as the conformal anomaly coeffi-
cient in even space-time dimensions in
〈Tµµ 〉 =
∑
i
Bd(i)Id(i) − 2(−) d2 AEd , (7)
where Ed is the Euler density and I(d)i are the Weyl
invariants that define the type-B anomalies in d-
dimensions. The type-B central charges do not con-
tribute in our discussion since the spacetime in consider-
ation will be conformally flat. We are interested in the
universal contribution to the entanglement entropy from
the type-A central charge.
Notice that Eqs (6) and (7) use a scheme without in-
troducing the so-called type-D trace anomaly. In D = 4,
the type-D anomaly is given by
〈Tµµ〉D = γ R , (8)
where R is the Ricci scalar and γ is the type-D central
charge. This is also the minimal scheme used recently
in [18] [19] to obtain the general stress tensors from con-
formal anomalies based on the method discussed in [20].
(See also a recent paper [21] for related discussion. In
their footnote 2, it is suggested that the log-divergent
term in the entanglement entropy for the 4D U(1) gauge
fields might be related to this scheme dependent type-D
trace anomaly. It would be interesting to see if the ap-
proach considered in this paper can be further identified
as the type-D anomaly contribution.)
For 4D free gauge fields with spin s = 1, the result
predicted by the formula (6) is given by
S
(s=1)
EE,ln = −
31
45
ln(
R
δ
) . (9)
This result can be independently confirmed using the
vector heat kernel on manifolds with a conical singular-
ity [22] [23]. However, to our knowledge, a field-theory
calculation via the approach developed in [13] reproduc-
ing this result is absent (besides directly adopting the
anomaly coefficients). In [24], a direct modification of
the stress tensor is suggested to obtain this result. In
this paper, we would like to see more closely what new
ingredients are needed to give (9) without introducing
the subtle conical singularity. Our main motivation is
that finding a way to improve an alternative method of
calculating the entanglement entropy might shed light
on defining the entanglement entropy directly for general
quantum gauge-field theories.
We organize this paper as follows. In the next
section, starting from the action principle, we revisit the
formulation of gauge fields in general curved spacetime
with a boundary. We argue that the corresponding
Gibbons-Hawking-like term should be derived from the
action instead of adding it by hand. Although we do not
adopt in the paper the replica method that introduces
the conical contact entropy [25], we discuss the similarity
of the codimension-2 surface term in the action with
the contact term in Sec.3. In Sec.4, we calculate the
partition function and thermal entropy on S1×H3 using
the heat kernel method. The main result of this section
is that the entropy (39) has a mismatch compared to the
universal conformal anomaly prediction (9). (We refer
readers to [26] for the corresponding calculation of the
conformally coupled scalar field and fermion on S1 ×H3.
The resulting entropy results are consistent with the
anomaly prediction (6).) A resolution is suggested in
Sec.5, where it is argued that one should include the
edge-mode contributions due to the gauge symmetry.
We also show that adding these edge modes allows us to
reproduce the universal log-divergent term of the Re´nyi
entropy of gauge fields. We conclude this paper with
some remarks on the entropy mismatch in the static
patch of de Sitter space found by [27], the issue of the
Hilbert space decomposition, and black hole entropy.
2: Gauge Fields in Curved Spacetime with a
Boundary Revisited
Our starting point is the standard action of the U(1)
gauge field Aµ on a general spacetime background M,
S =
1
4
∫
M
FµνF
µν , (10)
where Fµν = [∇µ,∇ν ] is the field strength. Due to the
gauge symmetry, δAµ = ∂µλ where λ is the gauge pa-
rameter, we add the Lorenz gauge-fixing term given by
Sgf =
1
2
∫
M
(∇µAµ)2 . (11)
The gauge-fixing procedure introduces the standard
Fadeev-Popov ghosts b¯ and b that are anti-commuting
scalars. The full gauge-fixed action is
S =
∫
M
1
4
FµνF
µν +
∫
M
(
1
2
(∇µAµ)2 + ∂µb¯∂µb) .(12)
The above action has the following BRST symmetry
parametrized by an infinitesimal anticommuting constant
parameter :
δAµ = (∂µb), δb = 0, δb¯ = −(∇µAµ), (13)
provided that a boundary condition is imposed. Ei-
ther ∂nb|∂M = 0 or ∇µAµ|∂M = 0. (We denote
3∇n = nµ∇µ.) In fact, when one writes the bulk ghost
action as − ∫M b¯b, integration by parts is used and
we should also impose a boundary condition: Either
∂nb|∂M = 0 or b¯|∂M = 0, whose BRST symmetry re-
quires ∇µAµ|∂M = 0. We will adopt ∂nb|∂M = 0 in the
following discussion.
We next emphasize that, different from the action
of the non-minimally coupled scalar fields, the original
gauge-field action (12) does not have second derivatives
of the metric, so one does not really need to add by hand
a Gibbons-Hawking-like term in the action. However, as
we will discuss later on obtaining the partition function
using the heat kernel method, it is most natural to use an
action which involves a second-order differential operator
given by
Dµν ≡ δµν −Rµν . (14)
(We have denoted  = ∇µ∇µ and Rµν is the Ricci curva-
ture tensor generated by [∇µ,∇ν ]Aν = −RµνAν .) This
operator is produced from integrating the standard ac-
tion (12) by parts. The action using the operator Dµν
naturally needs a Gibbons-Hawking-like term. However,
one should not add a new term during an immediate cal-
culation. Our resolution is that the Gibbons-Hawking-
like term should be derived in the gauge-field case. More
precisely, we consider∫
M
(
1
4
FµνF
µν +
1
2
(∇µAµ)2) = −1
2
∫
M
AµDµνA
ν
− 1
2
∫
∂M
nµ
(
Aν∇νAµ −Aµ∇νAν −Aν∇µAν
)
= −1
2
∫
M
AµDµνA
ν +
1
2
∫
∂M
(
KijA
iAj + KA2n
)
+
∫
∂M
(
An∇˚iAi + 1
4
∂nA
2
)
− 1
2
∫
Σ
nµn˜νAµAν , (15)
where we have denoted ∇˚i as the boundary covariant
derivative. Indices i, j, k represent the tangential direc-
tions. Choosing to extend nµ in such a way that ∇nnµ =
0, we can write the extrinsic curvature as Kµν = ∇(µnν).
In obtaining the last line we have performed integration
by parts on the boundary and n˜ν represents a normal vec-
tor used to define a codimension-2 manifold. We obtain
the Gibbons-Hawking-like term that provides the can-
cellation involving the normal derivative of the metric
variation on the boundary. To our knowledge, no liter-
ature has mentioned this kind of treatment regarding a
gauge-field action in curved spacetime with a boundary.
(See [28] and [29] for related discussions.)
We consider the following boundary conditions:
An|∂M = 0, ∂nb|∂M = ∂nb¯|∂M = 0,
(∇nAi + KijAj)|∂M = 0 . (16)
These boundary conditions are referred to as the
“absolute” boundary conditions in [30]. Notice an-
other type of boundary conditions called the “relative”
boundary conditions [30]: Ai|∂M = 0, b|∂M = b¯|∂M =
0, (∂nAn + KAn)|∂M = 0. However, for the entan-
glement entropy calculation, here we do not want to
impose such strong constraints on the entangling surface.
3: Conical Contact Entropy
The main reason we consider in this paper a different
approach to study the entanglement entropy of gauge
fields instead of adopting the traditional replica method
is that one is already able to obtain the expected central
charge-entropy relation (9) using the conical method [22]
[23]. On the other hand, it is well known that the conical
singularity causes subtle issues such as generating a con-
tact term [25]. Notice that a contact term also appears
in the case of the non-minimally coupled scalar field [31].
However, as we will discuss later, there is no entropy
mismatch regarding the expected central charge-entropy
relation in the conformal scalar field’s case if using the
hyperbolic space approach. In short, here we would like
to resolve the entropy mismatch of gauge field’s entangle-
ment entropy without touching the contact term issue.
Although we will not focus on the conical approach, we
would like to make a short remark on the similarity of
the codimension-2 surface term in (15) with the contact
term of gauge fields. Let us briefly review the contact
term contribution to the entanglement entropy for gauge
fields [25]. See also [32] [33] [34] [35] for recent related
discussions.
If all surface terms are dropped, the U(1) action is
simply given by
SM = −1
2
∫
M
AµDµνA
ν −
∫
M
b¯b . (17)
On a manifold M with a conical singularity, we are in-
terested in the heat kernel for first-order change of the
conical angle β away from 2pi. The conical deficit in-
troduces a singular curvature at the tip of a cone. The
curvature can be expanded as [36]
Rµν = R¯µν + (2pi − β)g⊥µνδΣ +O(2pi − β)2 , (18)
where R¯µν vanishes in flat spacetime. g
⊥
µν denotes
a projection onto the directions perpendicular to the
codimension-2 boundary. The higher-order terms in
(18) do not affect the entanglement entropy. The en-
tropy formula in the conical method reads Scone = (1 −
β∂β) lnZ(β)|β=2pi. The ghost fields do not contribute
to the contact entropy. The partition fucntion of gauge
fields can be written, using (18), as (D¯µν ≡ δµν− R¯µν .)∫
DA exp
[1
2
∫
M
Aµ(D¯µν − (2pi − β)g⊥µνδΣ)Aν
]
= Z¯A − (pi − β
2
)
∫
Σ
〈
g⊥µνA
µAν
〉
, (19)
where the first term Z¯ denotes the “regular” contribu-
tion. The second term leads to the contact entropy. (Σ
4denotes a codimension-2 surface.) Let us also remark
that this term is intimately related to the expectation
value of Wald entropy [32] [37],
〈SWald〉 = −2pi〈
∫
Σ
∂L
∂Rµνλρ
µνλρ〉 = −pi
∫
Σ
〈g⊥µνAµAν〉 .
(20)
We see that the contact term has the similar form as
the codimension-2 term in the action (15). However, in
our approach without introducing a conical singularity,
such a surface term will be killed by imposing boundary
conditions. The treatments of the surface terms may
be different depending on whether we are considering
a physical boundary, an entanglement boundary or a
conical singularity. We leave the problem of how the
surface terms interact with the conical singularity as a
future problem.
4: Gauge Fields on Hyperbolic Geometry and En-
tropy Discrepancy
We are interested in the entanglement entropy of gauge
fields on R1,3 with the entangling surface S2 with radius
R, at a time slice t = 0. Using the approach developed
in [13], the computation of the entanglement entropy is
mapped to calculating the thermal entropy on the hyper-
bolic space. The original flat spacetime metric written in
polar coordinates is given by
ds2 = −dt2 + dr2 + r2d2Ω2 , (21)
where d2Ω2 is the metric of the sphere with unit radius.
The transformations that map the geometry into the hy-
perbolic space are given by
t = R
sinh( τR )
cosh u + cosh( τR )
, (22)
r = R
sinh(u)
cosh u + cosh( τR )
. (23)
The metric then becomes
ds2 = Ω2
(
− dτ2 + R2(du2 + sinh2 u d2Ω2)
)
. (24)
The prefactor, Ω = (cosh u + cosh τR )
−1, can be elimi-
nated via the conformal transformation and the resulting
metric is S1 ×H3. Notice the limits
τ = ±∞→ (t = ±R, r = 0) , (25)
u =∞→ (t = 0, r = R) , (26)
confirm that the full causal development D is indeed cov-
ered in H after the conformal mapping.
We will use the heat kernel method on S1 × H3 to
obtain the partition function and the entropy. Gravity
will not be dynamical. We denote the kernel as K(x, y; s)
on a fixed spacetime background M satisfying the heat
equation
(∂s + D)K(x, y; s) = 0 , (27)
where D is a second-order differential kinetic operator. A
boundary condition is imposed, K(x, y; 0) = δ(x, y). The
trace of the heat kernel is given by
K(s) ≡
∫
M
K(x, x; s) =
∑
i
e−sλi , (28)
with summation over all eigenvalues λi of the operator D
including possible degeneracy. Notice that the parameter
s must have dimensions of length squared if the argument
of the exponential is to be dimensionless. The partition
function can be expressed via the heat kernel,
lnZ = −1
2
∑
i
lnλi =
1
2
∫ ∞
0
ds
s
K(s) . (29)
For the U(1) gauge fields on S1 ×H3, after imposing
the boundary conditions, the action reduces to (17). The
partition function can be written as
Z = Det(−s)
∫
DAµ exp
[1
2
∫
S1×H3
AµDµνA
ν
]
,(30)
where the factor Det(−s) stands for the Faddeev-Popov
determinant. Factoring out the temporal index and per-
forming a Gaussian integral over Aτ yields
Z = Det(−s)1/2
∫
DAi exp
[1
2
∫
S1×H3
AiDijA
j
]
.(31)
Next we write
lnZ(β) =
1
2
(
ln Det(−s)− ln Det(Dij)
)
=
1
2
∫ ∞
0
ds
s
K(s) ,
(32)
where we decompose the total heat kernel by
K(s) = Kij(S1)K ij(H3)−Ks(S1)Ks(H3) , (33)
with Kij(S
1) being a short hand for tr
∫
S1
Kij(τ, τ ; s) and
Kij(H
3) for tr
∫
H3
Kij(x, x; s). The same notation applies
on Ks (scalar) parts. The volume simply factorizes in the
heat kernels since the hyperbolic space is homogeneous.
The heat kernel on S1 can be evaluated using the
method of images preserving the periodic boundary con-
dition. The result is given by an infinite sum on an infi-
nite line shifted by 2piRn (= nβ),
Kij(S
1) =
2β
(4pis)1/2
∞∑
n=1
e−
n2β2
4s = Ks(S
1) . (34)
The n = 0 part is ignored because it will not contribute
to the entanglement entropy.
The heat kernels K ij(H3) and Ks(H
3) can be found in
the literature [38] [39] [40] and are given by
Kij(H
3) =
e−
s
R2 + 2 + 4 sR2
(4pis)3/2
; Ks(H
3) =
e−
s
R2
(4pis)3/2
.
(35)
5Plugging these results into (32) gives
lnZ(β) =
2pi2R2 + 15β2
90R2β3
Vol(H3) . (36)
We have to introduce an IR cut-off since the volume of
H3 is divergent. We let [13]
cosh(umax) =
R
δ
. (37)
The scale of the hyperbolic curvature is set to be R. We
obtain a log term from
Vol(H3) = −2piR3 ln(R
δ
) + ... (38)
Finally, using (5), we obtain the entropy
SEE,ln = −16
45
ln(
R
δ
) . (39)
We find a mismatch when we compare this result with
the conformal anomaly prediction (9).
5: Edge Entropy from Entangling Surface
Here we suggest a way to resolve the mismatch found
in (39). Our resolution is based on including edge modes
localized on the entangling surface.
Recall that the gauge symmetry results in the gauge
fixing condition ∇µ(M)Aµ = 0. The gauge redundancy is
determined by
(M)λ = 0 , (40)
where (M) is the D’Alembertian operator on M. In
the bulk, the residual gauge freedom is fixed by imposing
a boundary condition on the boundary of M, which is
∂M = S1×S2. (We take u→∞ as the boundary.) That
is, we fix the residual gauge by imposing a constraint on
the boundary, λ∂M = λ¯, where λ¯ still satisfies (∂M)λ¯ =
0. Notice that by taking a large-u limit, the 4D metric
(24) (after eliminating the conformal factor) effectively
reduces to 2D since the radius of the time circle is much
smaller than the radius of S2, R sinh umax. Therefore, in
the sense of the Kaluza-Klein massive modes decoupling,
the effective boundary becomes a 2-sphere and the gauge
redundancy condition results in
∆(S2)λ¯ = 0 , (41)
where ∆(S2) is the Laplacian operator on S
2. Recall also
that in the large-u limit, Eq (26) shows that it corre-
sponds to the t = 0 slice that is used to define the origi-
nal time-independent entanglement entropy with a static
entangling surface.
We interpret that the entangling boundary plays a role
to encode these boundary redundancy modes. In other
words, the freedom of choosing different boundary data,
λ¯, in (41) is interpreted as having edge degrees of free-
dom on the entangling boundary. We suggest that these
boundary modes give additional contributions to the en-
tanglement entropy and can be used to resolve the mis-
match (39).
The bulk partition function does not capture these
boundary modes because the surface action is set to zero
using boundary conditions. We treat (41) as a field equa-
tion on S2 and define the corresponding partition func-
tion again by (29). The question then can be reduced
to finding the corresponding eigenvalues using the heat
kernel method.
The heat kernel on S2 is essentially given by solving
the standard eigenvalue problem of the Laplacian on S2.
The eigenvalues are l(l + 1) with the orbital quantum
number l with the degeneracy given by (2l + 1). The
eigenfunction is the familiar spherical harmonic. (See
[41] for heat kernels in different spacetime manifolds.)
The heat kernel (density) that we need is given by
K(S2) =
1
4pir2
∞∑
l=0
(2l + 1)e−s
l(l+1)
r2 . (42)
We will be interested in the small-s expansion. We use
the Euler-MacLaurin formula
∞∑
l=0
f(l) =
∫ ∞
l=0
dlf(l) +
1
2
f(0)− 1
12
f ′(0) + ... (43)
with a function f(l) satisfying f (n)(∞) = 0 for arbitrary
n. We focus on the scheme-independent log divergence;
the higher order terms in (43) are irrelevant. From (42)
and (43) we obtain
K(S2) =
12r4 + 4r2s+ s2
48pir4s
+ ... (44)
Define the partition function on S2 as
lnZ(S2) =
1
2
Vol(S2)
∫ ∞
2
ds
s
K(S2) , (45)
where Vol(S2) = 4pir2 is simply the area of the entangle
surface. The s-independent term in (44) gives the log
divergence. Notice that the gauge parameter λ is un-
derstood as the ghost b so it contributes as a negative
massless scalar field on S2. We obtain the log-divergent
term from the edge modes, lnZ(S2) → − 16 ln(R
2
2 ). A
dimensional scale R is inserted to have a dimensionless
argument. We see that the log divergent term is indepen-
dent of the radius of the entangling surface. We identify
the UV cut-off  with the cut-off δ in regularizing Vol(H3),
 = δ. The edge correction is given by
∆S
(s=1)
EE,ln = −
1
3
ln
(R
δ
)
, (46)
which resolves the mismatch.
6Let us generalize our discussion to the Re´nyi entropy
defined by
Sq =
ln tr ρqA
1− q . (47)
It has the following simple relation to the entanglement
entropy (assuming a satisfactory analytic continuation
can be performed):
SEE = lim
q→1
Sq . (48)
Having the hyperbolic partition function, we can calcu-
late the Re´nyi entropy via
Sq =
lnZ(qβ)− q ln Z(β)
(1− q) |β→2piR . (49)
Using (36), we obtain
Sq =
(q + 1)
(
31q2 + 1
)
360piq3R3
Vol(H3) . (50)
Let us also include the edge modes. We should view the
edge contribution as a universal contribution (the log-
divergent term) in the sense that it is independent of β
or the radius of the entangling surface. It then should be
also independent of the parameter q inserted in temper-
ature T = 12piRq . By adding the edge contribution (46),
the full log-divergent part of the Re´nyi entropy becomes
S
(s=1)
q,ln = −
1 + q + 31q2 + 91q3
180q3
ln(
R
δ
) . (51)
This result (giving the coefficient -31/45 when taking
q=1) is now consistent with the Re´nyi entropy result
obtained in [22] [23] for gauge fields calculated by in-
troducing the conical singularity.
If we use the hyperbolic heat kernels [38] [39] [40] to
consider the 4D conformally coupled scalar field, the log-
divergent term in the Re´nyi entropy can be obtained di-
rectly. We obtain
S
(s=0)
q,ln = −
1 + q + q2 + q3
360q3
ln(
R
δ
) . (52)
Taking q = 1 gives
S
(s=0)
EE,ln = −
1
90
ln(
R
δ
) , (53)
which matches exactly with the expected type-A anomaly
prediction. On the other hand, there is no mismatch
problem for fermions. The heat kernel and related al-
gebra can be found in literature (for example, see the
appendix in [26]). For useful reference, we list the corre-
sponding result of the 4D Dirac fermion,
S
(s= 12 )
q,ln = −
7 + 7q + 37q2 + 37q3
720q3
ln(
R
δ
) . (54)
Taking q = 1, it gives the expected conformal anomaly
prediction
S
(s= 12 )
EE,ln = −
11
90
ln(
R
δ
) . (55)
In short, the field-theory calculation of the log-divergent
terms of the conformally coupled scalar field and
massless fermion on S1 × Hd−1 match directly with
the conformal anomaly prediction, without any edge
correction needed. This is consistent with the fact that
the boundary modes contribute in the gauge-field case
due to the existence of the gauge symmetry.
6: Concluding Remarks
Let us make a remark on the contribution of the edge
modes to the entropy calculation in the static patch of
de Sitter space. Starting again with the flat-space metric
(21), one uses the coordinate transformation
t = R
cos θ sinh( τR )
1 + cos θ cosh( τR )
, (56)
r = R
sin θ
1 + cos θ cosh( τR )
, (57)
to obtain
ds2 = Ω2
[− cos2θ dτ2 + R2 (dθ2 + sin2 θ dΩ2d−2)] ,(58)
where Ω =
(
1 + cos θ cosh( τR )
)−1
is the conformal fac-
tor to be eliminated. The remaining metric is the static
patch of de Sitter space with the scale R. The important
limits are
τ = ±∞→(t, r) = (±R, 0) , (59)
θ =
pi
2
→(t, r) = (0,R) . (60)
We see again that the new coordinates cover the causal
development D of the ball r ≤ R at t = 0. As shown
in [13], similar to the hyperbolic space, the modular
transformation inside D again corresponds to the time
translation in de Sitter space after the conformal map-
ping. The state in de Sitter geometry becomes thermal
at T = 1/(2piR). The thermal entropy in de Sitter space
then can be also identified as the entanglement entropy in
flat spacetime with a codimension-2 spherical entangling
boundary.
In [27], the thermal entropy in 4D de Sitter space is cal-
culated. Interestingly, the same mismatch (39) is found
in the log-divergent term. The volume of de Sitter space
is finite, so in this case there is no need to introduce
an IR cut-off. The log divergence comes from the UV
divergence of the partition function. In calculating the
partition function of gauge fields, the gauge fixing process
again results in the gauge redundancy. Notice that in this
case, one identifies the entangling boundary as the cos-
mological horizon at the boundary of the static patch at
7θ = pi/2. From the metric (58), we see that the bound-
ary defined by the limit θ → pi/2 is again effectively a
2-sphere since the prefactor of the time direction shrinks
to zero in this limit. The boundary redundancy modes
effectively satisfy (in the spirit of Kaluza-Klein dimen-
sional compactification) again (41), which gives the same
edge correction (46) that resolves the mismatch found in
the de Sitter space calculation as well.
It would be of great interest to better understand the
edge modes and explore its potential applications. It has
been suggested [6] (see also [7] [8]) that one might modify
the Hilbert space decomposition as
H = HA ⊗HB ⊗H∂A , (61)
where H∂A denotes a boundary Hilbert space, to have a
special treatment of boundary in calculating the entan-
glement entropy of gauge fields. Let us make an initial
attempt to relate this idea to the approach considered
here. If one wants to derive the edge contribution (46)
starting from a classical surface action, an immediate
issue is that a surface action will cause trouble having
a well-defined variational principle. If we introduce a
boundary Hilbert space separately, we might consider a
surface action subjected to the path integral quantization
in this separated Hilbert space. Then, to incorporate the
contribution from the edge, we might identify the edge
partition function as
ZEdge = Z
1
2
Ghosts ; ZGhosts =
∫
Db¯Dbe−
∫
S2
(b¯b) . (62)
(Since the edge part does not have any gauge field, we
simply define δb|S2 = δb¯|S2 = 0 so that the surface
action remains BRST invariant.) Notice that because of
the intrinsic asymmetric treatment on ghost fields b and
b¯ in the BRST symmetry, the gauge redundancy (and
the resulting edge correction on the entropy) is solely
determined by b in this framework, so we adopt Z
1
2
Ghosts
as the correct counting.
Finally, we would like to point out that the edge
modes are introduced in the context of black hole
entropy in [42], where the authors consider BPS black
holes with AdS2 × S2 near horizon geometry. They
argue that gauge symmetries give rise to physical
modes that localize on the boundary of AdS2 and
contribute to the black-hole entropy.1 The boundary
modes in their context come also from supersymmetry
and diffeomorphism invariance. It is shown that the
boundary modes are needed to obtained the expected
log corrections to the black-hole entropy. While it
remains to further explore the deeper relation between
the black-hole entropy and the entanglement entropy, it
1 I thank Finn Larsen for explaining some concepts in [42].
would be nice to see that the edge modes are essential in
the both contexts. It would be interesting to calculate
the entanglement entropy of gravitons or other types
of gauge fields using the approach considered in this
paper, without introducing the conical singularity, and
see if the corresponding entanglement edge modes due
to gauge redundancies are needed to explain possible
discrepancies.
Acknowledgments
I would like to thank Dmitri Fursaev, Finn Larsen,
Sergey Solodukhin and especially Christopher Herzog
for discussions and comments. I also thank Christopher
Akers and Aitor Lewkowycz for dicussions on boundary
terms. This work was supported in part by the National
Science Foundation under Grant No. PHY13-16617.
Note added.— Recently, a paper [43] appeared that
considered the entanglement entropy of gauge fields us-
ing an approach in which the conical singularity was
introduced. The authors of that paper related the 4D
mismatch result with the entangling boundary indepen-
dently.
[1] A. Einstein, B. Podolsky, and N. Rosen, “Can quantum-
mechanical description of physical reality be considered
complete? ” Phys. Rev. 47 777 (1935)
[2] G. Vidal, J. Latorre, E. Rico and A. Kitaev, “Entangle-
ment in quantum critical phenomena,” Phys. Rev. Lett.
90, 227902 (2003) [quant-ph/0211074].
[3] H. Casini and M. Huerta, “On the RG running of the en-
tanglement entropy of a circle,” Phys. Rev. D 85, 125016
(2012) [arXiv:1202.5650 [hep-th]].
[4] L. Bombelli, R. Koul, J. Lee and R. Sorkin, “Quantum
source of entropy for black holes,” Phys. Rev. D 34, 373
(1986)
[5] M. Srednicki, “Entropy and area,” Phys. Rev. Lett. 71,
666 (1993) [hep-th/9303048].
[6] P. Buividovich and M. Polikarpov, “Entanglement en-
tropy in gauge theories and the holographic principle
for electric strings,” Phys. Lett. B 670, 141 (2008)
[arXiv:0806.3376 [hep-th]].
[7] W. Donnelly, “Entanglement entropy in loop quan-
tum gravity,” Phys. Rev. D 77, 104006 (2008)
[arXiv:0802.0880 [gr-qc]].
[8] H. Casini, M. Huerta and J. Rosabal, “Remarks on en-
tanglement entropy for gauge fields,” Phys. Rev. D 89,
085012 (2014) [arXiv:1312.1183 [hep-th]].
[9] H. Casini and M. Huerta, “Entanglement entropy for a
Maxwell field: Numerical calculation on a two dimen-
sional lattice,” arXiv:1406.2991 [hep-th].
[10] C. Callan, Jr. and F. Wilczek, “On geometric entropy,”
8Phys. Lett. B 333, 55 (1994) [hep-th/9401072].
[11] P. Calabrese and J. Cardy, “Entanglement entropy and
quantum field theory,” J. Stat. Mech. 0406, P06002
(2004) [hep-th/0405152].
[12] S. N. Solodukhin, “Entanglement entropy, conformal in-
variance and extrinsic geometry,” Phys. Lett. B 665, 305
(2008) [arXiv:0802.3117 [hep-th]].
[13] H. Casini, M. Huerta and R. C. Myers, “Towards a
derivation of holographic entanglement entropy,” JHEP
1105, 036 (2011) [arXiv:1102.0440 [hep-th]].
[14] H. Casini and M. Huerta, “Entanglement entropy
for the n-sphere,” Phys. Lett. B 694, 167 (2010)
[arXiv:1007.1813 [hep-th]].
[15] J. M. Maldacena, “The Large N limit of superconfor-
mal field theories and supergravity,” Int. J. Theor. Phys.
38, 1113 (1999) [Adv. Theor. Math. Phys. 2, 231 (1998)]
[hep-th/9711200].
[16] S. Ryu and T. Takayanagi, “Holographic derivation of
entanglement entropy from AdS/CFT,” Phys. Rev. Lett.
96, 181602 (2006) [hep-th/0603001].
[17] S. Ryu and T. Takayanagi, “Aspects of Holographic
Entanglement Entropy,” JHEP 0608, 045 (2006) [hep-
th/0605073].
[18] C. P. Herzog and K-W. Huang, “Stress Tensors from
Trace Anomalies in Conformal Field Theories,” Phys.
Rev. D 87, 081901 (2013) [arXiv:1301.5002 [hep-th]].
[19] K-W. Huang, “Weyl Anomaly Induced Stress Tensors
in General Manifolds,” Nucl. Phys. B 879, 370 (2014)
[arXiv:1308.2355 [hep-th]].
[20] L. S. Brown and J. P. Cassidy, Stress Tensors and
their Trace Anomalies in Conformally Flat Space-Times,
Phys. Rev. D 16, 1712 (1977).
[21] A. F. Astaneh, A. Patrushev and S. N. Solodukhin, “En-
tropy vs Gravitational Action: Do Total Derivatives Mat-
ter?,” arXiv:1411.0926 [hep-th].
[22] D. V. Fursaev, “Entanglement Renyi Entropies in Con-
formal Field Theories and Holography,” JHEP 1205, 080
(2012) [arXiv:1201.1702 [hep-th]].
[23] L. De Nardo, D. V. Fursaev and G. Miele, “Heat kernel
coefficients and spectra of the vector Laplacians on spher-
ical domains with conical singularities,” Class. Quant.
Grav. 14, 1059 (1997) [hep-th/9610011].
[24] C. Eling, Y. Oz and S. Theisen, “Entanglement and
Thermal Entropy of Gauge Fields,” JHEP 1311, 019
(2013) [arXiv:1308.4964 [hep-th]].
[25] D. N. Kabat, “Black hole entropy and entropy of en-
tanglement,” Nucl. Phys. B 453, 281 (1995) [hep-
th/9503016].
[26] L. Y. Hung, R. C. Myers and M. Smolkin, “Twist op-
erators in higher dimensions,” JHEP 1410, 178 (2014)
[arXiv:1407.6429 [hep-th]].
[27] J. S. Dowker, “Entanglement entropy for even spheres,”
arXiv:1009.3854 [hep-th].
[28] A. D. Barvinsky and S. N. Solodukhin, “Nonminimal
coupling, boundary terms and renormalization of the
Einstein-Hilbert action and black hole entropy,” Nucl.
Phys. B 479, 305 (1996) [gr-qc/9512047].
[29] T. Jacobson and A. Satz, “On the renormalization of
the Gibbons-Hawking boundary term,” Phys. Rev. D 89,
064034 (2014) [arXiv:1308.2746 [gr-qc]].
[30] D. V. Vassilevich, “Heat kernel expansion: User’s man-
ual,” Phys. Rept. 388, 279 (2003) [hep-th/0306138].
[31] S. N. Solodukhin, “Entanglement entropy of black holes,”
Living Rev. Rel. 14, 8 (2011) [arXiv:1104.3712 [hep-th]].
[32] W. Donnelly and A. C. Wall, “Do gauge fields really con-
tribute negatively to black hole entropy?,” Phys. Rev. D
86, 064042 (2012) [arXiv:1206.5831 [hep-th]].
[33] D. Kabat and D. Sarkar, “Cosmic string interactions in-
duced by gauge and scalar fields,” Phys. Rev. D 86,
084021 (2012) [arXiv:1206.5642 [hep-th]].
[34] A. Lewkowycz and J. Maldacena, “Exact results for
the entanglement entropy and the energy radiated by a
quark,” JHEP 1405, 025 (2014) [arXiv:1312.5682 [hep-
th]].
[35] J. Lee, A. Lewkowycz, E. Perlmutter and B. R. Safdi,
“Rnyi entropy, stationarity, and entanglement of the con-
formal scalar,” JHEP 1503, 075 (2015) [arXiv:1407.7816
[hep-th]].
[36] D. V. Fursaev and S. N. Solodukhin, “On the description
of the Riemannian geometry in the presence of conical
defects,” Phys. Rev. D 52, 2133 (1995) [hep-th/9501127].
[37] R. M. Wald, “Black hole entropy is the Noether charge,”
Phys. Rev. D 48, 3427 (1993) [gr-qc/9307038].
[38] R. Camporesi and A. Higuchi, “Spectral functions and
zeta functions in hyperbolic spaces, J. Math. Phys. 35,
4217 (1994).
[39] A. Grigor’yan and M. Noguchi, “The heat kernel on hy-
perbolic space.” Bull. London Math. Soc. 30, 643 (1998)
[40] S. Giombi, A. Maloney and X. Yin, “One-loop Parti-
tion Functions of 3D Gravity,” JHEP 0808, 007 (2008)
[arXiv:0804.1773 [hep-th]].
[41] Camporesi, Roberto “ Harmonic analysis and propaga-
tors on homogeneous spaces,” Physics Reports, Volume
196, Issue 1-2, p. 1-134.
[42] C. Keeler, F. Larsen and P. Lisbao, “Logarithmic Cor-
rections to N ≥ 2 Black Hole Entropy,” Phys. Rev. D
90, no. 4, 043011 (2014) [arXiv:1404.1379 [hep-th]].
[43] W. Donnelly and A. C. Wall, “Entanglement entropy of
electromagnetic edge modes,” Phys. Rev. Lett. 114, no.
11, 111603 (2015) [arXiv:1412.1895 [hep-th]].
